EE301 Applied Probability Theory

JUST EE Dept.

The exam has 42 questions, for a total of 42 points.
Answer All Questions

1. The largest absolute value of the joint character-
istic function for N random variables

(a) is bound by the largest value of the joint pdf

(b) =1

(c) is bound by the largest values of its marginal
pdfs

(d) =0

(e) = the value of the pdf at the origin

2. Three uncorrelated r.v.s Xi,Xo and X3 have
means X; = 1,Xs = —3, and X3 = 1.5 and
second moments E[X?] = 2.5, E[X3] = 11, and
E[X3] =3.5. Let Y = X1 —2X5 + 3X3 be a new

V., its mean=

3. In the above question, the variance of Y=

(a) 4.75

4. Three statistically independent random variables
X,Y,and Z havmg means and variances as fol-
lows: X = 1JX—20 Y = 0.6, O'Y_15 Z =
1.8,0% = 0.8. Using central limit theorem, the
rv. W =X +Y + Z have a gaussian statistics
of mean and variance equal to

(a) 1.4 and 8.6

(b) 2.4 and 8.6
0 1 i
(d) 1.4 and 4.3
(e) 2.4 and 4.3
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5. Two random variables X and Y have a joint pdf

5 .2
_ | ety I<y<zx<2
fxy(@,y) { 0, elsewhere

6. Given the function

[ @ +y?)/(8r), 2+ <4
fxy(z,y) = { 0, elsewhere
Then P{2 < X?+Y? <32} =
(a) 0.12
(b) 0.39
(c) 0.5
(d) 0.61
(e) 0.88
7. The function
0, z<y
GX,Y(ny) - { 1’ T Z Y

is a valid distribution function.
(a) True
(b) False
8. If X and Y are independent, then for all y we
have E[X|Y =y| =
(a) E[X] - E[Y]
(b) EY|X =a]
(©)
(@) EIX]
(e) fx(X|Y =y)

Y
E
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9. f Y =a+bX, then p(X,Y) =1if

(a) b>1

(b) b>0

(¢c) a=b

(d) b<0

(e) a=—b

10. If X and Y are identically distributed, not nec-

essarily independent, then Cov(X +Y, X —-Y) =
(a) Cov(X,X —-Y)

(b) 0% + 0§

(c) Cov(X +Y,X)
(d) 0

(e) Cov(Y, X —-Y)

11. The power density spectrum of a r.p. X(t¢) is
given by Sxx (w) = Ae~**/(2%%)_ Its autocorrela-
tion function is given by

(a) Rxx(1) = %e*(onQ)/2

(b) Rxx(T) = %6_(%7')/2

(¢) Rxx(t,t+71)= %6—(%(::—@2)/2
(d) Rxx(1) = %—;e—( 272) /2

(e) Rxx(7)= \f‘}&(l ~ (wor?)?)

12. The power density spectrum of a r.p. X(t¢) is
given by Sxx(w) = A for —w, < w < w, and
zero elsewhere. Its autocorrelation function is

given by Rxx (1) = %Sm(woﬂ

(a) true
(b) false

13. If X(t) and Y(t) are two independent random
processes with power density spectra Sxx(w)

and Syy (w), the power density spectrum of their
linear combination Z(t) = aX (t) + bY (¢) is

(a) Szz(w) = Sxx(w)+ Syy(w)

(b) Szz(w) = 2ab(Sxx(w) + Syy (w))
(c) Szz(w) = a2SXX(w) — b2Syy(w)
(d) Z(w) =aSxx (w) + bSyy (w)
(e) Szz(w)=a?Sxx(w)+ b?Syy(w)

14. The output Y (¢) of a linear system is k times the
input X (¢). Then
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(a) Ryy =k*Rxx
(b) Ryy = kRxx
(c) Ryy = Rxx
(d) Ryy = Rxx/k
(e) Ryy = Rxx/k?

15. The characteristic function for a r.v. X having
exponential pdf is given by @y (w) = then
its variance is

(a) —a?
) —

)]
) a
) a?

16. When a fair coin is tossed, the possible outcomes,
heads and tails, are represented by a random
variable X which has the value 1 or -1, respec-
tively. The characteristic function equals

(a) (1+e/)/2

jsin(w)

—j sin(w)

d) — cos(w)

(e) cos(w)

17. Find k for the joint pdf
kefQIfSy’
fXﬂY(x7y):: 0

T—jaw ]aw’

(b
(c
(d
(e

(b)
()
(d)
)

z,y >0
else

a
b

)
)
c)
)
)

—~ o~
= o

—_
[\

—

/
/
1/

18. Find pq; for the joint pdf
ke_(x""y)’

fxy(z,y) = { 0
(a)
(b)
c)
)
)

d

(e

—_
w

—
(=)

z,y >0
else

1

=)

(c) 1/2
(d
(e
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19.

20.

21.

22.

23.

A random variable x is uniformly distributed be-

tween -1 and +1. Determine the normalized cor-

relation coefficient for  and vy if y = 22.

(a) -1

(b) -8/12
(c
(d
(e
A random variable X has a probability density
e x>0
0 else

probability density function for the random vari-
able Y = X3.

(a) e7¥/3y”
e¥'? 3y2/3
2e7Y/y
eV [3y?
1/3/3y—2/3

)
) 0
) 1
) 4/12

function fx(z) = Determine the

d
(e

The magnitude of the characteristic function of
a random variable X is

(b)
()
(d)
) e

(a) > 1.0
(b) > X
(c) <10
(d) <ox
(e) <o%

Chebyshev’s inequality states that any random
variable X has a finite second moment, then for
any constant C' > 0 we have

(a) P(IX|>¢) < 250
P(|X| <e¢
P(X| > ¢
P(|X|>c
P(X|<c

E(X )

( %)

I/\I

(

(c
(d
(e

An analogue of Chebyshev’s inequality where the
absolute first moment is used in place of the sec-
ond moment can be written as P(|X —m|) > ¢)

(a) > E(]X —ml)
(b) < E(|X —ml)

) ) <
) )
) )
) )

<E
s()
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25.

26.
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(c) < E(|X])
(d) < E(X?)
(e) > E(|X])

For two independent random variable X and Y,
with known individual pdf’s, then any new ran-
dom variable formed directly from their sum; i.e.,
S =X +Y; has a pdf equal to

(a) fs(s) = fx(x)fy(y)

(b) fs(s) = [Zo fy () fx (s —y)dy
(c) fs(s) :fX( )+fY( )

(d) fs(s) = fy(y

(e) fs(s) = 2 I[x (@) fy (s —y)da

A geometric random variable X has the proba-
bility P(X = k) = pg", k =0,1,2,---, p+q =1,
its expected value is

(a) L

(S

—~~ —~
o o
S—

2
a3
'BQ
<

—
)

~—

T

A rv. X drawn from a Pascal distribution (or
negative binomial),

P[X = k| = ( ”*Z‘l >pnqk

,k=0,1,---, p+q=1. Its mean value=

(a) ng/p

(b) a/p

(c) p/q

(d) np/q

(e) kp/q
For any r.v. X with characteristic function
®(w) = E[e/“X], then for any collection of n com-

plex numbers a; we have E[| 3" | a;e’¥|?] > 0
one can write Y iy >0 ®(w; — wg)azay >0

(a) true
(b) false
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28.

15
) Ba2-z-y) O<zy<1
fxy(z,y) = { 0 otherwise

then the conditional pdf of X, given that ¥ =y

equals to

(a) G5

6x(2—xr—
(b (473y y)

)

(c) z(2—z—y)
)
)

6(4—3y)

(d
(e

29. The indicator variable I for an event A is defined

as
I 1, if A occurs
~ ] 0, if A occurs

We can write

b) E[I] = P(4)
(c) Var[l] = E[A]
(d) Var[A] = E[I]
(¢) P(A) = BT

30. In a group of resistors where 4% are of metal
type resistors, what is the probability that there
are no metal resistors in a random selection of 25

resistors?

(a) 1.0 — (0.04)%
1—(0.96)2°
(0.04)%

0.96
(1-0.04)%

d
(
31. Given that

(b)
()
(d)

°)

CJye™ 0<ax<o0,0<y <2
Fxy (X]Y) = { 0 otherwise
then E[ex/3|Y =1] is
(a) 0
(b) 1/3
(c) 3/2
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(d) 2
(e) 2/3

32. Let X be ar.v. and ¢ be a real constant number,

let Y = X + ¢, then 0% =
(a) 2o%
(b) 0% +c
(c) 0% +c?
(@) o%

(e) 0% — ¢

o>

2

. If two points X and Y are picked at random from

the interval [0,1], the probability that the dis-
tance between them P(|X — Y| < 3) =

(a) 1/8
(b) 1/4
(c) 3/8
(d) 1/2

)
)
)
(e) 3/4

. Let Xi,X9,---, X, be independent ran-

dom variables with cdfs Iy, Fy,---, Fy,.
Let M = mazximum(Xy, Xo,---,X,) and
m = minimum(Xy, Xo, -, Xp). The
distribution for M can be written as
Fraz(z) = PIM < z) = P(X; < 23Xy <
i3 Xy < ) = P(Xp < 2)P(Xp <
x)---P(X,, < =z = Fi(x)F(z)- - Fy(x).
Following the arguments mentioned one can
write the cdf for m, the minimum, as

35. Ergodic process X (t) is a stochastic process that

(a) is second-order stationary

has statistical averages = time averages

)

c) is strictly stationary
) is first-order stationary
)

has X =constant, and Ry x (7)=constant.
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36. If X(¢)is WSS, and Z(t) = aX (t) then (b) N xp
(a) Czz(1) =|al*Cxx(7) (c) N xq
(b) Rxz(r) = lal*Rxx(7)Rzz(7) (d) N(p—q)
(¢) Rzx(r) = lal*Rxx(1)Rz2(7) (e) 0
(d) Rzz(r) = lal*Rxx(7) 41. Sxx() = [ Ryx(r)e #Tdr is valid if X (t)
(e) Cxz(7) = [al*Czx(7) is
37. A r.v. X drawn from a binomial distribution, (a) first-order stationary
e P(X = k) = N D1 — p)NF then its (b) second-order stationary
k (c¢) any process with zero mean
variance = .
(d) ergodic process
(a) Np (1 - (e) any process with unit variance
(b) N
(©) ( P) 42. Telephone calls are initiated through an exchange
at the average rate of 30 per minute and are de-
(d) (N —=1)p(1—p) scribed by a Poisson process. The probability
(e) N2p(1—p) that less than 3 calls are initiated in any 2-second
period =
38. R.V. X has () 1—e~[1+b+82/2] with b= 1
_ ) r=1 (b) 1—e [l +b] with b= 0.5
fX(x)_{lp r=-1 >
(c) e [l +b+b?/2] with b =1
Its characteristic function = (d) e [1 +] with b= 2.0
(a) p+ (1 —p)el (e) 1—e b1 4b] withb=1
(b) e77¥ + 2jpsin(w)
(c) (1—p)el +peI¥
(d) (1—p)e
(e) pel
39. For the Poisson distribution, Px (X = k) = ﬂ)‘k
its mean = A and its variance =
(a) A?
(b) %
(c) kA
(d) e
(e) A
40. Random Walk problem: Define S = 3", X; and
X;,i = 1,---,N are two-value i.i.d. (indepen-

dent identically distributed) random variables,
then E[S] =

(a) N

Page 5 of 5 End of exam.



